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Abstract : From the bicovariant rst order dierential calculus over inhomo-
geneous Hopf algebra B we construct the set of right-invariant Maurer Cartan
one-forms considered as a right-invariant basis of a bicovariant B-bimodule over
which we develop the Woronowicz’general theory dierential calculus on quan-
tum groups. In this formalism, we introduce suitable functionals over B which
control the inhomogeneous commutation rules between the dierent elements of
B. From the properties of these functionals, we derive a nontrivial characteristic
equation for the R-matrix.
1
1 Introduction
The Poincare group plays a fundamental role in physics. It is intrinsically con-
nected to the geometry of the space-time on which the physical systems are
described and could be invariant under its action. Then, it is especially inter-
esting to study the non-commutative version of the Poincare group from which
on can hope to obtain new insight on the underling space-time geometry as, for
example, an improved ultraviolet in quantum eld theories or a description of
symmetries in a future quantum Einstein-Cartan gravity.
The construction of quantum Poincare group and quantum space-times has al-
ready been considered by several authors [1]-[8]. All these construction start
from the existence of a R-matrix and the consistency of the commutation rules
between the dierent elements of the generators of the Poincare group and those
of the quantum space-times. In certain works this consistency is only obtained by
introducing dilatation generator which has no analog in the classical limit [4]-[8]
Recently, in the work P. Podles and S.L. Woronowicz [9] an inhomogeneous com-
mutation rules for inhomogeneous Hopf algebra without dilatation have been con-
structed. This construction is based on the existence of bicovariant subimodule
of the inhomogeneous algebra regarded as a left module (over the homogeneous
part) generated by translations and uses a strong constraint, R2 = I⊗2, on the
R-matrix.
In this paper we present a quite dierent method based on the dierential calcu-
lus over the inhomogeneous Hopf algebra from which we derive the corresponding
inhomogeneous commutation rules. Although our formalism is quite dierent of
those presented in [9], it gives similar results with a no trivial characteristic equa-
tion for the R-matrix.
The present paper is organized as follows: In section 2, we recall some basic no-
tion about inhomogeneous Hopf algebra and construct a right invariant basis of
the bimodule over this algebra. This right invariant basis allows us to generalize,
In section 3, the Woronowizc proposal [10] to the inhomogeneous Hopf algebra
by introducing suitable functionals over B. The study of these functionals leads
us to construct the inhomogeneous commutation rules between the elements of B
without dilation and with a R-matrix which satises a nontrivial characteristic
equation.
2 Dierential Calculus On Inhomogeneous Quan-
tum Groups
In this section, we start by recalling some basic notions about inhomogeneous
algebra B and the covariant rst order dierential calculus to construct a bico-
variant bimodule of one-forms over B and a basis of the vector space Γinv 2 Γ of
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all right invariant elements of Γ.
An inhomogeneous quantum group G is built from a quantum groupH and trans-
lations described by elements pn; n = 1; :::; N corresponding to an irreducible rep-
resentation nm of H. The corresponding Hopf algebras are treated as algebras
of functions on quantum groups, Poly(G) = B and Poly(H) = A. More precisely,
following [9], one denes B as:
1. An abstract unital Hopf algebra genarated by A and elements pn such that
IB = IA = I.






is a representation of G.
4. There exists n 2 1;    ; N such that pn 62 A.
5. ΓpA  Γp where Γp = AX +A, X = span(pn; n = 1;    ; n).
In virtue of 2.-3., B is endowed with the following linear maps:
- The coaction (algebra homomorphism)  : B ! B ⊗ B
(a) = a(1) ⊗ a(2); a 2 B
satisfying the coassociativity condition
(⊗ id)(a) = (id⊗)(a) = a(1) ⊗ a(2) ⊗ a(3):






(pn) = nk ⊗ p
k + pn ⊗ I:
- A counit (character) " : B ! C satisfying
m  ("⊗ id)(a) = m  (id⊗ ")(a) = a; a 2 B






- An antipode (algebra antihomomorphism) S : B ! B satisfying
m  (S ⊗ id)(a) = m  (id⊗ S)(a) ; a 2 B
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k + S(pn) = "(pn) = 0 = nkS(p
k) + pn:
One says [10] that (Γ; d) is a rst order dierential calculus over the inhomoge-
neous Hopf algebra (B;; S; ") if d : B ! Γ is a linear map obeying the Leibniz
rule, d(ab) = (da)b + a(db) for any a; b 2 B. Γ is a bimodule over B and every
element of Γ is of the form
P
k akdbk, where ak; bk 2 B. We say that (Γ; d) is






(ak)(id⊗ d)(bk) = 0





(ak)(d⊗ id)(bk) = 0:
(Γ; d) is bicovariant if it is left- and right-covariant. This notion of covariant
dierential calculus leads to the left-coaction L and right-coaction R which
are bimodule homomorphisms
L(R)(ab) = (a)L(R)()(b); a; b 2 B;  2 Γ (1)
and satisfy
Ld = (id⊗ d) ; Rd = (d⊗ id);
("⊗ id)L = id and (id⊗ ")R = id: (2)
For a bicovariant bimodule, the following condition is satised
(L ⊗ id)R = (id⊗R)L:
Since, B = Poly(G) = Poly(; p), dnm and dp
n generate Γ as a bimodule of











form a basis of the vector space Γinv  Γ of all right- invariant elements of Γ.
proof: Since pn correspond to an irreducible representation  of H, they are
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linearly independant, so are S(pn) = −S(nm)p
m. Then dnm and dp
n or dnm
and dS(pn) form a basis of the one-form vector space which generate Γ as a B-







m = nR. To show the right invariance, it suces to apply




























































































































































The bicovariance condition of these basis can be checked by direct computation.







3 The Commutation Rules For Inhomogeneous
Hopf Algebra
Now, we are ready to study the commutation rules for inhomogeneous quan-
tum groups by generalizing the formalism of the bicovariant bimodule theory of
Ref.[10] to our bimodule presented in the previous section. Since n and nm
form a right invariant basis, we are in the case where we can apply the dierent







na = (a ? fnk)
k + (a ? fn‘k )
k
‘; (10)
nma = (a ? f
n
mk)















where the convolution product of a functional f 2 B0 and an element a of B is










fnmk(I) = 0 and f
n‘
k (I) = 0 (12)
by setting a = I, and
nab = (ab ? fnk)
k + (ab ? fn‘k )
k
‘
= (a ? fn‘)(b ? f
‘
k) + (a ? f
np
q )(b ? f
q
pk))
k + ((a ? fnq)(b ? f
q‘
k)





nmab = (ab ? f
n
mk)
k + (ab ? fn‘mk)
k
‘
= ((a ? fnmq)(b ? f
q





k + ((a ? fnmq)(b ? f
q‘
k)





for any a; b 2 B. By comparing the coecients multiplying  and  and then by


















































































































By substituting the rst expression into the rst hand side of (17) and the second
into the rst hand side of (18), by comparing the coecients multiplying I ⊗ 
and I ⊗ and then by applying I ⊗ ", we obtain
nk(f
k
m ? a) + 
n
kS(p







m ? a) + 
n
kS(p











































k ? fnm and f
n
km = ~k ? f
n
m (23)
where ~n, ~n and ~f
n
m 2 B
0 and the convolution product of two functionals 2 B0
is dened as (f1 ? f2)(a) = (f1 ⊗ f2)(a) for any a 2 B. The substitution of (23)
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into (12) gives





and the substitution of ( 23) into (13-16) and (19) gives respectively



















































By using now the associativity of the convolution product and by making the
substitution of (29) into the second hand of (20), (21) and (22), we get
~i ? fkj ? a + S(p
‘)( ~f i‘ ? f
k
j ? a) = (f
k
j ? a)S(p
i) + (fkj ? a ? ~
l)S(i l)
+ S(p‘)(~‘ ? f
k
j ? a)S(p
i) + S(pp)(~p ? f
k





‘ ? a) = (f
n
‘ ? a ? ~m) + S(p
k)(~k ? f
n
‘ ? a ? ~m) (31)
and
S(‘m)(
~f i‘ ? f
k









+ S(pq)(~q ? f
k




where we have multiplied from the left by S(pn)) and we have used (21) before
(29) to obtain (32). We see from these relations that for any a 2 A, (30) is a
commutation rule between elements of A and pn and (29), (31) and (32) involve
pn in the commutation rules between elements of A . Demanding A be a Hopf
subalgebra of B (condition 2.) leads to
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Proposition (3,1): A is a Hopf sub-algebra of B i
~n(a) = 0 ; a 2 A (33)
proof: For A to be a Hopf subalgebra of B, (29) and (32) must involve commu-
tation rules between elements of A only. this is satised if the term nkS(p
‘)(~‘ ?
fkm?a) of (29) vanishes. Multiplying it from the left by S(
i
n) and using the fact
that S(p‘) are linearly independant and generate with the unity the bimodule Γp
(see condition 5.) , one obtains ~‘ ? f
i
m ? a = 0 which permits us to write, for









m  S = f
n





By replacing a by fmk S?a into ~‘?f
i
m?a = 0 and then acting ", we get ~‘(a) = 0
for any a 2 A which implies also that equation (31) is trivial and the term of
(32) which involves pn in the commution rules between elements of A vanishes.
Conversely it is easy to see that if ~‘(a) = 0 for any a 2 A, the relations (29) and
(32) involve commutation rules between elements of A only and, therefore, A is
a Hopf subalgebra of B.
In virtue of this proposition, one deduces certain results which will be used in
the following.
1. (11) can be written as:




‘; a 2 A
which shows that the set of the right invariant one-forms nm generates a subi-
module, ΓA  Γ, over A and for ~n(pk) = 0 it generates a B-subimodule of Γ.
since it transforms according to an adjoint representation  of H (6), the as-
sumption fn‘mk =
~f ‘m ? f
n
k is justied [11].














where we have used (34) to get the third hand side. By multiplying from the
right by f ‘r(S(a(3)b(3))) and by using again (34), we get
~fnm(ab) =
~fkm(a)
~fnk(b); a; b 2 A: (35)
Following similar considerations, one obtains from (28)






















Now by replacing ab respectively by −S(ab)p
b = S(pa) into (28) and by using
(37), one obtains




















































We are now ready to investigate the dierent commutation rules of the inhomo-
geneous Hopf algebra B.
First in virtue of the proposition (3,1), (29) reduces to
nk(f
k























for a = pa.
















m which is the











kb . The Yang-Baxter relation is




Second, by repacing a 2 B by S(a) into (30 - 32) and by acting to the both sides
S−1, we get respectively
(a ? fkm  S ? ~
‘  S) + (a ? fkm  S ? ~f
‘
q  S)p
q = p‘(a ? fkm  S)
+ p‘(a ? fkm  S ? ~q  S)p
q + ‘p(~
p  S ? a ? fkm  S)
+ ‘p(~
p  S ? a ? fkm  S ? ~q  S)p
q; (44)
(a ? fn‘  S ? ~k  S)
k
m = ~m  S ? a ? f
n
‘  S + (~m  S ? a ? f
n


















~f ‘m  S ? a ? f
k
j  S ? ~q  S)p
q: (46)
In virtue of the proposition (3,1), (45) is trivial for a 2 A and by replacing a by
(a ? fnk) 2 A, the equations (46) and (44) give respectively
nk(






pna = (a ? ~fnk  S)p
k + a ? ~n  S − nk(~
k  S ? a): (48)





















To compare (50) with (43), we have to compute the fourth term of the second







































obtained from (21) by setting a = pa and by using (23) and the proposition (3,1).












































and, therefore, in virtue of the condition 5. of the inhomogeneous Hopf algebra



















a) + nk ~
‘(S(ab))~‘(p
b): (57)
Let us note that with the relations (56) and (49) the equation (47), for a = ab ,
is consistent with the equation (42) for a = ab .




































































k))) = 0 (62)
















‘ ) = 0: (63)




nk , the equation (62) is a characteristic equation
for the R-matrix.
To have the commutation rules between the translations, it suces to replace a
by pa into (44) to get after some straighforward computation




























where we have used (56), (57) and (60).
4 Conclusion
We end this section by noticing that:






MN (C) is a unital antihomomorphism. By replacing a and b 2 A respectively by
S(a) and S(b) into (36) and by setting k = ~k  S, we get:
n(ab) = n(a)"(b) + ~fnm(S(a))
m(b); a; b 2 A: (65)
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2. Although the formalism presented above is quite dierent from those of Ref.
[9], we arrive to similar formulae for the commutation rule between the elements
of A and the translations (48) and (65). These formulae become identical of those
of Ref.[9] if ~fnm(S(a)) = f
n
m(a) for any a 2 A. This latter condition is satised for
~n(p
a) = 0 and it is true, as a consequence of (56) and (57), for any a 2 B. In this
case the formulae (34), (35) and (65) are also true for any a and b 2 B and (65)






is a unital homomorphism. In this case the R-matrix is subject to a strong con-
straint R2 = I⊗2.This formalism leads also to a similar commutation rule between
translations (64).
3. Contrary to the results of Ref.[9] where the R-matrix is subject to a constraint
R2 = I⊗2, this approach leads, for ~n(p
k) 6= 0, to a no trivial characteristic equa-
tion for R-matrix (62).
4. Finaly it follows from the previous considerations
Theorem (2,1)
Let B an inhomogeneous Hopf algebra satisfying 1.-5. on which there exists
a bicovariant dierential calculus, Then there exist functionals fnm;
~fnm; ~
n and
~m 2 B0 satisfying (24), (25-28), (33), (56-57) and (59-60) such that the relations
(42), (48) and (64) are satised.
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